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In this text, we describe Markov properties and martingale properties on discrete/continuous-time
stochastic processes

We give examples of Markov processes, random walks, Galton-Watson processes and Poisson processes,
and we investigate their properties.
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1  Definitions of Stochastic Processes (X, P), (X;, P)

On a probability space (2, F, P), a stochastic process is a family of random variables (RVs) (X,, =
X,(w)) or (X = Xi(w)) (w € Q) with time index n € Nor Zy, ie, n=1,2,... or n=0,1,2,..., or
t € [0,00). (it is called discrete-time or continuous-time),

A probability space (2, F, P) is that Q # () is a non-empty set (a total set or a total event),
F C 2% is a o-additive class, an element A € F is called an event, P = P(dw) is a probability
measure. (where 2 is a family of all subsets of €).)

(Xn) ={Xn} ={X,}n>0 is called a discrete-time stoch. proc.

(Xy) = {Xy} = {Xi}i>0 is called a continuous-time —.

When a filtration (F,), i.e., a family of increasing sub o-add. classes of F; Fo C F1 C Fo C -+ C F
is given, for each time points n, if X,, is F,-measurable, then (X)) is called an (F,)-adapted stoch.
proc. In the following, we always assume this condition is satisfied. If the time index n is changed to ¢,
then it is a similar.

In this text, we first discuss on discrete-time processes, and at the end on continuous-time processes.

2 Discrete-time Markov Chains

In discrete-time stochastic processes we first investigate “Markov chains”.

2.1 Basic examples

A Markov chain is a stochastic process such that the future action depends only on the present state and
it is independent of the past actions

We give two examples.

The first one is called a random walk (RW) which has independent identically distributed incre-

ments, i.e., Xg, X; — Xo, X2 — X3,... are independent and X, ; — X, @ X1 — Xo (n >1). Tt is the

simplest model and well investigated.

Example 2.1 Let 0 < p <1 and ¢ :==1—p. (X,,P) is a random walk on Z starting from 0 if
Xo =0 and for every j € Z,

PXnpn=j+ U Xn=3)=p, PXnp1=j—-1Xn=j)=q:=1-p

Remark 2.1 If we denote a conditional probability P(A| B) := P(AN B)/P(B), then we always
assume P(B) > 0.

Question Show that A, B € F are indep. <= P(A| B) = P(A).

The second one is a Gorton-Watson (GW) process which is a population model of generational
change with respect to a family tree. Bienaymé, Galton, Watson noticed that many family trees go
frequently lost and they calculated a survival probability of a family tree.

Example 2.2 Galton-Watson process or Bienaymé-Galton-Watson process (Z,,P) is a
number of males in each generations such that each males has Y -number of males, where Y satisfies
PY =k)=p fork=0,1,2,... ((px) is a distribution; pp > 0,> pr, = 1). Let Z,, be a number of males
of the n-th generation. Let the starting point be one ancestor; Zog = 1. Then each born males remains
boys independently according to the same probability of Y.

In this model, we can show that it depends on a mean of number of descendants m = kpy, that the
survival probability of a family tree is positive or not.
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2.2 Time-homogeneous Markov chain

In this subsection, we show the following result:

Theorem 2.1 Let S be a countable set. An S-valued irreducible time-homogeneous Markov chain
s recurrent or transient.

Now in general, so many people say “Mathematics is difficult, because sentences are unintelligible.”
The above sentence may be just so. The cause is simple that many people does not understand
definitions of mathematical terms.

“irreducible”; “time-homogeneous”, “Markov chain”, “recurrent”, “transient”

A Markov chain is a process such that future actions depend only on a present state and it is inde-
pendent of past actions, however, roughly speaking, it may be called a hit-or-miss process or a stopgap
process.

The exact definition is the following:

Let S be a countable set. An S-valued stochastic process (X, P) = (X, (w), P(dw)) (n =10,1,2,...)
is called a Markov Chain if it satisfies the following:

(M1) [Markov property] For n > 1,j0,51,..,jn, k €S,

P(Xnp1 =k Xo=jo, X1 =J1,..., Xpn = jin) = P(Xpg1 = k| Xpy = jn).

Moreover, it is called a time-homogeneous Markov chain if it also satisfies that
(M2) [Time homogeneity] Forn > 1,5,k € S,

P(Xn+1 = kl Xn=j)=P(X1= k' Xo :]) (:: q(]vk))

In this text, we don’t treat time-inhomogeneous type, so in the following we always say a Markov
process as a time-homogeneous Markov chain.

The distribution of Xo; p = {p;}; p; = P(Xo = j) is called an initial distribution, and especially,
if for some j € S, P(Xy = j) = 1, then we denote P as P; and (X,, P;) is called a Markov chain starting
from j. (This is equivalent to that when P(X, = j) > 0, P; is defined as P;(-) := P(:| Xo = j). It is
convenient in calculations.)

For n > 0,5,k € S, let ¢,(j,k) = P(X,, = k| Xo = j) and @, = (¢.(J,k)) is called an n-step
transition probability (matrix), In particular, denote Q1 as @ = (¢(4,%)) and it is simply called a
transition probability (matrix).

Question 2.1 Show the following:
(i) an(d, k) 20, 3oy an(j k) =1 (j € 5).

(11) Forn Z 17 joajla"'7jn S Sa
P(Xo = jo, X1 =J1,- -, Xn = Jn) = 14joq(jo, J1) - - - @(Grn—1,Jn)-

(iil) For myn >1, jo,j1,---sJm+n €S,

P<Xn+1 = jn+1; ce. aXner = jnerl XO = jOaXl = jla cee aXn = ]n)
= Q<jn7jn+1)Q(jn+1ajn+2) T q(jnerflajner)«

(iv) Qo = I := (8;) (unit matriz), Qn = Q™ (n > 1), where §;p, =1 (j=k), =0 (j # k).

Question 2.2 Show that if p = {p;} is an initial distribution of a Markov chain (X,,), then

P(Xy = k)= p1jan(i: k).
j€S
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We defined a recurrence time T} to j € S as
T; =inf{n > 1; X, = j} (=00 if {-} =0).
We also define
e j is recurrent PLN P;(T; < 00) =1,
e j is transient—=non-recurrent PN Pi(T; <) <1
If all j are recurrent (or transient), then (X,,) is called recurrent (or transient).
A Markov chain {X,} or a transition probability Q@ = (¢(j, k)) is irreducible if for arbitrary j,k,

j — k,ie., ?n > 1; ¢,(4,k) > 0. This means it is possible to go to anywhere if it starts from anywhere.
(In other word, there is no point that is a trap or transient or it can not go.)

The following is a main result for a time-homogeneous Markov chain in this section.

Theorem 2.2 Let j,k € S.
(i) The condition that j is recurrent is equivalent to the following:

oo
a) Z qn(J,j) =00. b) P;({Xy} is returns to j infinitely many times ) = 1.
n=0
(ii) The condition that j is transient is equivalent to the following:

o0
a) an(j,j) <oo. b) Pj({X,} is returns to j infinitely many times ) = 0.
n=0
(i) If {X,} is an irreducible Markov chain, then it is recurrent or transient.

We first show b) of (i), (ii) and a), and (iii).
Question O-1 Show that for m,n > 1, jo,j1,-- -, Jntm € S,

P(Xn+1 :jn+1a--~7Xn+m :]n-‘rm‘ XO :j07X1 :jla"'7X71 :jn)
= P(XnJrl :jn+la~-~7Xn+m :]n+m‘ Xn :Jn)

Question O-2 Let {By}}_, be disjoint events and for a event A,C it satisfies that P(A| By) =
P(A| C) (1 <k <n). Then show P(A| |JBy) = P(A| C).

Proposition 2.1 (i) If j € S is recurrent, then P;({X,} is returns to j infinitely many times ) = 1.
(ii) If j € S is transient, then P;({X,} is returns to j infinitely many times ) = 0.

Proof. Let Tj(m) be the m-th return time to j;
7V =15, T\ =min{n > T VX, = j} (=00 if {} =0).

We first show Pj(Tj(m) < 00) = Pj(T; < 00)™. For positive integers s,t, by time-homogeneous Markov
property we can show

(In fact, [RHS]= P(Xs1t = j, Xoyu #J (1 S u <t —1)] Tj(m_l) = s) and by using {X, # j} =
Uk, es:8,21Xu = ku} and noting that {Tj(m_l) = s} is determined by the state of {X1,...,Xs(=J)},
and by using the above questions O-1, O-2, we can get it.) Moreover, by P(AN B) = P(B| A)P(A) we
have

PUT" Y = 5, T = s+ 1) = BTV = 5)Py(T; = ).
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Hence, by
PT™ <o) = BTV <T™ < 0)
B S YT N
s=m—1t=1

I
3

(T < 00)Pi(T) < o)

we have P; (Tj(m) < 00) = Pj(T; < 00)™. Therefore,

P;({X,} returns to j infinitely many times) = ﬂ{T < o0})
= lim P (T( m < 00)
m—» 00
= n%gnooP (T; < 00)
This is 1 if P;(T; < co) = 1, or 0 if otherwise. [ |

We define some notations: For j, k € S, let fn,(j,k) := P;(T), =m) (m > 1) and

ij ZQn]7 s" ||<1 Zfﬂ"Lja s™ Hgl)

Each is called a generating function of {g,(j,k)}n>0 or {fm(J,k)}m>1, respectively. Note that

thjk an j, k) and Fji(1) = Pj(T), < 00).
Lemma 2.1 For j, k € S, the following hold:

Qn(jv k) = Z fm(jak)QTL—m(k7 k) (n = 1)’ Q]k( ) — Ojk + F ( )Qkk( ) (|5| < 1)'

m=1

Proof. Noting that {T, =m} ={X,, =k, X; #k (1 <s<m—1)}, we have
(4, k) = Pi(Xn =k) = Zn:Pj(Xn=k,Tk=m)
= ZP (T, = m)Pj(X,, = k| T}, = m)
= Y Pi(Th=m)Pj(X, =k| X, =)

- Z fm(j7 k)anm(k,k’).

m=1
n (oo} oo
Moreover, by this (also by change of sums Z Z = Z Z) we have
n=1m=1 m=1n=m
Qjk(s) = djk + Z W (k)" =0k + > D (G k) n—m (R, k)s™ = 6k + Fj(s)Qu(s)-
n=1m=1

o0
Proposition 2.2 j € S is recurrent <= Z an(j,7) = 00
n=0



BASICS OF STOCH. PROCESSES (S. HIRABA) 5
Proof. By the above lemma, Q;;(s)(1 — Fj};(s)) =1 (|s| < 1). Hence, by F};(1) = P;(T; < c0) and
(o)
lim Qj;(s) = Z%qn(j,j) < oo,
and by letting s 1 1 it is obtained. (In formal, it can be expressed as

> an(.5) (1 = Py(T; < 00)) = 1.
n=0

Thus, if P;(T; < 00) =1, then Y _ gn(j,5) = 00. If P;j(T; < 00) <1, then Y _ gn(j, ) < 00.) n

n=0 n=0

Question 2.3 By a similar way to the above proof and considering the case of j # k, show

j €S is transient = an(k,j) <o ("keS)

n=0

(Then, the contraposition also holds: [Pk € S; Z gn(k,j) =00 = j:| is recurrent.)
n=0
For j, k € S, we denote j <> k if j — k and k — j.

Proposition 2.3 For j,k € S;j < k, If j is recurrent or transient, then k is so, respectively.
Therefore, an irreducible Markov chain is recurrent or transient.

Proof. By j < k, 2¢,m > 1;q:(j,k) > 0, ¢ (k,5) > 0. Moreover, by

qz+m+n(jvj) > qe(jv k)qn(k, k)Qm(ka]) (n > 0),

we have

ij(s) = Z Qn(jaj)sn 2 Z q€+m+n(j7j)sz+m+n 2 56+mq€(j7 k)Qm(kaj)Qkk(s)-

n=0 n=0

Hence, if j is transient, then

lsingjj(S) = an(j,j) < 0
n=0

o0
and by the above inequality, we have Z gn(k, k) < 0o, and hence, k is also transient. It is the same if
n=0
we exchange j, k. [ ]
By the above result, we finish the proof of Theorem 2.2.

Moreover, in the following, we can see the more general relations of transition probabilities, transience and
reccurence. (However, the result is not used in the next subsection. So readers may not read the following.)

Lemma 2.2 If j is recurrent and j — k, i.e., “n > 1;¢n(j, k) > 0, then Py(Tj < c0) = 1.
Proof. For arbitrary ¢,j € S, it holds that

Pi(T; < 00) = q(i,§) + > q(i,k)Pe(T) < o0).
keS;k#j



BASICS OF STOCH. PROCESSES (S. HIRABA) 6

(In fact, by time-homogeneous Markov property [and also by P;(A| B) = P(A| BN {Xo = i}) (— check this)],
we have P;(T; = n| X1 = k) = P(T; = n| Xo =i,X1 = k) = P(T; = n| X1 = k) = Pu(T; =n—1). Hence,
Pi(Xl = k,Tj = n) = q(i, k})Pk(TJ =n— 1) and

BTy <o) =Y Y P(Xi=kTj=n)=P(X1=75)+Y_ > PB(X1i=kT;=n).
n=1kesS n=2k#j

These imply the above equation.) Now note that by the assumption of g, (j, k) > 0, we have (k1,...,kn_1);
q(7, k1)q(k1,k2)q(k2, ks) - - - q(kn-1,k) > 0. Hence, if we let ¢ = j in the above equation, then by the recurrence
of j, ie., Pj(T; < 0o) = 1, we can get for Yk # j;q(j, k) > 0, Pu(T; < co) = 1. Of course, if k = j, then
P;j(T; < o0) = 1. Therefore, let k = ki, and again in the above equation let ¢ = ki. If k = k2, then by
q(k1,k2) > 0, we have Py, (T; < co) = 1. By continuing this operation, the desired result is obtained. [ ]

Question 2.4 Show the following by the hint of Question 2.8 and by the above lemma:

j is recurrent and j — k = Z gn(k,j) = oo.
n=0
Theorem 2.3 By the previous Question 2.3, 2.4 for an irreducible Markov chain,
e if it recurrent, then for Vj,k € S, > onan(d, k) = oo.
e if it transient, then for Vj k€ S, 3", an(j, k) < 0.
Conwversely, for some j,k € S, if 3 qn(j, k) = 0o, then it is recurrent, or if 3 qn(j, k) < 0o, then it is transient.

2.3 d-dimensional random walks

Let S =2Z% (3§ = (j1,...,74)) be a d-dimensional lattice.
{pj}jeza is a distribution on Z%ifp; >0, p; =1

Definition 2.1 (X,, P) is a d-dimensional random walk (d-dim. RW) if { Xy, X1 — Xo, X2 —
X1,...} are independent and P(X,, — X,,—1 = j) =p; (n >1,j € Z%), where {p;};cza is a distribution
on Z¢. (It is also called a RW with a one-step dist., {p;}). Especially, if pj = 1/(2d) for all j € Z¢;

lj| =1, then it is called a simple random walk, where j = (j1,...,ja), || = VJji + -+ j=
Moreover, define P; by Pj(X1 = ki,..., Xy = ky) = P(X1 = ki,..., X = kn| Xo = j), then
(Xn, Pj) is called a d-dim. RW starting from j.

Clearly, a d-dim. RW is a Markov chain. Its transition probability Q = (¢(j, k)) is given as q(j,k) =
pi—j. Moreover, a d-dim. simple RW is irreducible.

Question 2.5 Check the above results: [time-homogeneous Markov property, transition probability, ir-
reducibility]

Question 2.5 Revision Let (X, P) be d-dim. RW.
(1) Show X, 11 — X, and (Xo, X1,...,X,,) are indep., i.e.,
P(Xnt1— Xn =k, Xo = jo, X1 = J1,..., X = jin)
= P(Xn41— Xy =k)P(Xo = jo, X1 =1, .., Xy = Jun)-
Especially, by summing on jo, j1,. .., jn_1 € Z%, it can be seen that X, 1 — X,, and X,, are indep.

(2) Show P(Xn+1 = k| XQ :jo,Xl :jl,. .. ,Xn :]n) = P(Xn+1 = k‘ Xn :Jn) = Pk—jn-
This implies {X,,} is a time-homogeneous Markov chain such that ¢(j,k) = pr—;.

(3) Show that a simple RW is irreducible. (By using ||j — k|| := |71 — k1| + - -+ + |ja — ka|, divide the
cases j # k,j =k.)
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Now we can discuss on recurrence and transience by using transition probabilities @ = (¢(j,k)) =

(Pr—j)-
By using the results in the previous section, it is relatively easy to see that the following for a simple
RW:

Theorem 2.4 A d-dimensional simple RW is
(1) recurrent (i.e., P;(Tj <o0)=1)ifd=1,2.

(2) transient if d > 3.

In this text we show the case of d < 3.

By the irreducibility it is recurrent or transient. It is enough to check the convergence or divergence
of the sum of ¢,(0,0).

Since it is not return to starting point by odd steps, we have ga,,41(0,0) = 0, and hence, it is enough to
consider on ga2,(0,0). We can show the following: (By this result the recurrence or transience is obtained
by Theorem 2.2 in the previous section.)

Proposition 2.4 Let Q = (q(4,k)) be a transition probability of a d-dim. simple RW.
(1) If d=1,2, then as n — o,
1/v/mm (d=1)
42n(0,0) ~ { 1/(rn) (d=2)

where a,, ~ by, (n — o) PN an /by, — 1 (n — o).

(2) If d = 3, then 3C > 0;
q2r(0,0) < Cn=3/2,

Question 2.6 Show that for positive numerical sequences {an}, {bn}, if an ~ by (n — 0), then
Fc1, e > 0;¢1b, < ay < coby, (Y0 > 1) holds.

Remark 2.2 [t is known that (the constant is \/(3/7)3/4 if d = 3)

G20 (0,0) ~ 217442 () =42 (n — o).

We give an important formula:
[Stirling’s formula] n! ~ 27" +/2e="  (n — 00).

[Proof of Proposition 2.4]
If d = 1, then the following is easily obtained

2n(0,0) = <2n> 27~ ——  (n— ).

n

Hence, the desired result follows by Stirling’s formula.

If d = 2, then
_ (277‘)' —2n __ 2n & n : —2n

k2055 +k=n =0

n 2
2
and by using E (Z) = ( n), we have the result by the one-dimensional result.
n
=0
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2n)!
q2n (O, 0) = _en)!
jvkvaO;jZJrker:n (j'k!m!)?
and by trinomial expansion, we have
2n)!
qQH(O’O) < Cn@3n6_2nv
n!

where ¢, = max; g m>0:j+k+m=n(jk!m!)~1. Moreover, for ¢,, the following holds and by Stirling formula
we get the result.

(2.1) cn < e3"F3/2p7n=3/2en (¢ > 0 is independent of n > 1).
In fact, by dividing n by 3 and dividing into the cases of remains, we see that

° (n = 3m),
(2.2) n <4 MH2((m+1DH Y (n=3m+1),
(m)~(m+1)H)"2  (n=3m+2).

hence, by Stirling formula, there exist constants ¢, co > 0 such that

cln"+1/26_” <nl < cznnﬂ/ze_”
and if we substitute this to the above, then we can get the result. [ ]
Question 2.7 Calculate the cases of 1-dimension and 2-dimension by using Stirling formula.
Question 2.8 Show the above inequation (2.2) and by using it, show (2.1), and verify the proof (calcu-

lation) of d = 3.

2.4  Galton-Watson process (GW process)

A Galton-Watson process is a family tree model. Let Z, € Z, = {0,1,2,...} be a number of males of
the n-th generation and let Zy = 1. In general, we call the object as a particle and each particles born
Y number of particles as the next generation, where Y is a Z-valued RV with a dist. (pg)r>o, 1€,
P(Y =k) =pi (k>0). Clearly, {Z,} is a Markov process with a transition probability such that

p(i,) = P(Zns1 = j| Zn =1) = P)_Yi=4) (i>1,j>0),
k=1

where {Y}} is i.i.d. with a dist. (pg). If Z,, =0, then a family tree is lost. Hence,
p(0,i)=0(i=1), p(0,0)=1
We assume existence of a mean of (py):
m:= kak € (0, 00).
k=1

Now let g be an extinction probability of the GW-process starting from 1.
Then, by Z; @y and conditioned on {Z1 = k}, we have

q = P(extinction| Zo=1)=P(Fn>1;Z, =0 Zy=1)
= Z P(extinction| Z1 = k)P(Y = k) = Z " pr.
k>0 k>0

g =1 is one solution of this equation, however, what is the condition of ¢ € [0,1)?
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In order to answer the question, we introduce the following generating function f: ¢ is a solution to
a equation s = f(s) (s € [0,1])

flo) = Els"] =) ms* (sl <1).
k=0

This series converges absolutely in |s| < 1, and hence, it is infinitely differentiable. Moreover, it holds

that
f(0) =po, [f(1)=1, fl(l):kakZm

k>1
Theorem 2.5 A GW-process satisfies the following: Denote Py(-) = P(-| Zo = 1).

m<lorm=1,py>0 = P("'n>1,2,>12Zy=1)=0, ie,q=1
m>1 = P'n>1,Z,>1Zy=1)>0, ie,q<l1

Moreover, when m > 1, the extinction probability q is a unique solution to the equation f(s) = s on [0,1).

Note that if po = 0,then it surely leaves offspring, and hence ¢ = 0 (in this case m > 1 holds).
Especially, if p; =1, then m =1 and ¢ = 0.

We first show some propositions. Since f is increasing in s € [0,1] from f(0) = py > 0 to f(1) = 1,
we can consider the composition its self; we define f; = f, fo41 = fo fn (n > 1).

Proposition 2.5 For each n > 1, the generating function of Z, is f, under the condition Zy =1,
i.e., Bi[s?"] = fu(s).

Proof. We denote P, = P, Ey = E. Let g,(s) = E[s?"] = 72 s"P(Z, = k). If n = 1, then under
{Zy = 1} by Z; @ Y, clearly ¢1(s) = E[sY] = f(s). We assume for n > 1, g, = f,. Under {Z,, = k},
Zn+1 = ZZ 1 Y; and {Y;} are i.id. and 2 Y. Hence

E[s% | Z, = K] = HsY|Z =K = HE[ )= fls)".

Therefore,
nt1(s) = Y Els™ | Z, = k] P( =) fs = k) = gu(f(5))-
k=0 k=0
By the assumption of the induction, gn4+1(s) = gn(f(5)) = fu(f(s)) = fnti1(s). [ |

Proposition 2.6 Ei[Z,] =m™ (n >0).

Proof. We denote P, = P,E; = E. Note that m = E[Y] = E[Z] and E[Z,| Z,—1 = k] =
E[Zle Y;] = km, we have

EZ)) =Y ElZn| Zn1=kP(Zn1=k) =Y _ kmP(Z,_1 = k) = mE[Z,_1].
k>1 k>1
By continuing this, we have E[Z,] = m" 1E[Z;] = m™. [

[Proof of Theorem 2.5]
Since under Py, the generating function of Z,, is f,, it holds P;(Z,, = 0) = f,,(0). note that {Z, = 0} 1,

q=P('n>12,=0)=P(| J{Z. =0}) = Timf(0).

n>1
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Hence, by f,+1(0) = f(f.(0)), letting n — oo and by the continuity of f, we have g = f(q).

(Case m < 1) By Pi(Z, > 1) < FEy1[Z,] = m™, noting that {Z,, > 1} |, we have
0= lim Py(Z, >1) = =P (({Z.21) =P ("n>1,2Z,>1) ie,q=1
n>1

(Case: m =1) Ifpy > 0, then pg+p; < 1. (In fact, if we assume pg+p; = 1,then m =p; = 1—pg < 1
and this contradicts.) Hence, noting that 7k > 2;p;, > 0, we have

= kakskfl <fQ)= kak =m=1 (0<s<1).
k>1 k>1
By mean value theorem for s € (0,1), c € (s,1); f(1) — f(s) = f'(c)(1 —s) < 1—s. By f(1) = 1, we get
f(s) > s (0 < s <1). Moreover, by f(0) = po > 0, the solution for f(s) = s in [0,1] is s = 1 only. Thus,
q=1.
(Case: m > 1) Note that py + p; <1 (because if pg +p1 =1, then m =p; <1). By f/(1) =m > 1
and by the continuity of f’,

IN>01-n<Vs<1,1<f(s) < f(1)=

Hence, if 1 —n < s < 1, then f(s) < s. Since f(0) = py > 0, and by using intermediate value theorem
for g(s) = f(s) — s we have sy € [0,1); f(s1) = s1. We show the uniqueness of the solution for this.
If %s5 € [0,1);81 < s2,f(s2) = s2, then g(s;) = 0 and g(1) = 0 by f(1) = 1. By Roll’s theorem
0<s1 < <82 < <1;9(6) =9 (&) =0, e, f'(&1) = f/(&) = 1. Moreover, by po +p1 < 1,

€(0,1) = f"(s)=> k(k—1)ps**>0.
k>2

Hence, f/(s) is strictly increasing for s € (0,1). This contradicts f'(£1) = f'(§2) = 1. Thus, the solution
of f(s) = sisonly ¢ = s1 or ¢ = 1. Furthermore, if ¢ = 1, then 1 = ¢ = lim,,_, oo f»(0), and for sufficiently
large n > 1, f,,(0) > 1 — n. By the result shown as above, frnt1(0) = f(f2(0)) < fn(0). This contradicts
fn is increasing (in n) Therefore, ¢ = 51 € [0,1). [ |

Example 2.3 If pg = po = 1/2, then the mean is m = 1, however, this family tree becomes extinct
someday.

Example 2.4 Lotka found in 1939 the distribution of male descendants of Americans is a geometric
distribution.

In this case,
k—1
1 5
g E> < ) = Z > 1.

Hence, the extinction probability q is a solution s = q < 1 for

k—1
1 3 11 1
= =3 + = E ( ) sk, that is, 382 - E + =0

Then s =5/6,1 and ¢ = 5/6. Therefore, the survival probability of a family tree is 1/6.

Question 2.9 Calculate m = 5/4 and a solution s = 5/6,1 for s = f(s).
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3 Martingales

Let {M,},>1 be a stoch. proc. with a filtration (F,,) and {M,,} be (F,)-adapted.

- {M,} is a martingale, more exactly, an (F,)-martingale

&L M, € L', E[M, 1| F) = M, as. "n > 1.

< M, €L "n>0,"Ac F,,E[M,;A] = E[M,; A
In general, for a RV X and sub o-add. class G C F, E[X| §] is called a conditional expectation
of X under G, which is defined by Radon-Nikodym Theorem (R-N Th.).

3.1 Radon-Nikodym theorem and conditional expectations
In general, for a finite measure p on (2, G) and non-negative integrable G-measurable ft f; f > 0, p-a.e.,
f € LY set dv = fdp, ie., v(A) :/ fdu (A € F), then it holds that u(A) = 0 = v(4) = 0. It is

A
denoted as v < p and v is called absolute continuous with respect to u, and f is called a density
function of v (w.r.t. u).
Radon-Nikodym Theorem is that the inverse holds.

Theorem 3.1 (Radon-Nikodym Theorem) Let u,v be finite measures on a measurable space
(0,G). Ifv < u, then 21 f; f > 0. p-a.e., f € LY (dp); dv = fdpu, i.e., v(A) :/ fdu (A € G). The
A
uniqueness means p-a.e., i.e., if f satisfies the same conditions, then f = f, u-a.e.

The difference of two finite measures is called a finite signed measure. The above theorem holds
for a finite signed measure v. (Of course, in this case, the condition f > 0 p-a.e. is omitted.)

For the proof, we only describe a construction of a density f. Let h € H Lt / hdu < v(A)
A
(YA € G) (since a constant ft 0 satisfies this condition, H # (). Then

Fh, € H; lim [ h,dp = Sup/ hdys.
n— oo Q heH Q

Thus, if we set f, := maxp<y hy, then we can see f, € H, and hence, by letting f := lim f,, we
have f € H and [ fdu = sup / hdp. This is the desired one. To show this we need a further result;
Q

heH JQ
Hahn-Jordan decomposition. However, we don’t describe the detail.

Now by using this result we define a conditional expectation.

Let X be a RV and G C F be a sub o-add. class.

A conditional expectation Y (w) = E[X| G](w) of X under G is defined such that Y is G-
measurable and YA € G, E[Y; A] = E[X; A].

Then, E[E[X]| G]; A] = E[X; A] (YA € G) holds.

Let Q(A) := E[X;A] (A € G). This is a finite signed measure on (2,G). Clearly, if P(A) = 0,
then Q(A) = 0, ie., Q@ < P; @ is absolute continuous w.r,t. P. Hence, by Radon-Nikodym Theorem,

1Y = Y(w); G-measurable; Q(A) :/ YdP = E[Y; A], ie., E[X;A] = E[Y; 4] (A € G) and this is
A
unique P-a.s. Then, we denote Y as Y (w) = E[X]| G](w).

[Properties of a conditional expectations]

Proposition 3.1 Let X, X,, be F-measurable and integrable RVs and G C F be a sub o-add. class.
The following hold:

(1) Xe€G = E[X|G]=X as
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(2) For ay,as € R, Fla1 X1 + a2Xs| G] = a1 E[X1] G] + aaE[X2| G] a.s.
(3) X1 < X3 a.s. = E[Xi] ] < E[X3] G] a.s.
(4) |E[X] ]| < E[|X]] ¢] a.s.
(5) Yeg, XY, X € L' = E[XY|G]=YE[X| ] as.
(6) 0<X,1X as 76 0< E[X,| G|t E[X|J] as.
(7) Let 1 <p,q<o0;1/p+1/g=1. X € LP)Y € L1 =
E[XY]| G] < E[XIP| GIPE(Y | 6]V a.s. if 1 <p,q < cc.

Ifp=1,q =00, then E[XY| G| < E[|X]| G]||Y[| -
Especially, 1 < p1 < py < o0, X € LP> = E[|X|*| G]'/P* < E[|X|?| G]'/P2 a.s.

(8) Let 1 <p<oo. X,, » X in L? = E[X,| G] = E[X| G] in LP.
(9) G C G2 C F: sub o-add. classes = E[E[X| G2]| Gi] = E[X| G1] a.s.
(10) (Jensen’s inequality) X € L', ¢ is conver on R = p(E[X| G]) < E[p(X)| G] a.s.

Proof. We always let YA € G. (1) is clear by E[X; A] = E[X;A] and X € G.

(2) Let Y1 = E[X1| g], Yé = E[X2| g], Y = E[a1X1 + QQXQ‘ g} Then E[Xl,A] = E[Yl,AL
E[XQ,A] = E[YQ,A] E[a1X1 + GQXQ;A] = E[Y,A], and hence, E[Y,A] = alE[Xl;A] + G,QE[XQ;A] =
a1 E[Y1; Al + a E[Ya; Al = E[a1Y1 + a2Ys; A]. Thus, we have Y = a1Y] + a2Ys a.s.

(3) E[E[X1] G); A] = E[X1;A] < E[X3; Al = E[E[X3] G]; A] and both are G-measurable. By the
arbitrary of A € G we have the result. (— the next question.)

(4) By —|X| < X < |X| and by the previous result, we have —E[|X|| G] < E[X]| G] < E[|X]|| ] a.s.

(5) It is enough to show the case Y = 15 (B € G). By E[XY; A] = E[X; ANB] = E[E[X| G]; ANB] =
E[1pE[X| G]; A], it is obvious.

(6) By (3) the non-negativity and the monotonicity are clear. It is enough to show lim F[X,,| ] =
E[X]| G] a.s. By MCT, we have Ellim E[X,,| G]; A] = lim E[E[X,,| G]; A] = lim E[X,,; A] = E[lim X,,; A] =
E[X; A] = E[E[X]| G]; 4]. Since both insides are G-measurable and A € G is arbitrary, it is clear

(7) It is possible to show by the same way as in the proof of Holder’s inequality, because a conditional
expectation satisfies linearity, monotonicity and |E[X| G]| < E[|X]| g] a-s.,

(8) is clear, since by Holder the following holds: F|E[X,| G] — E[X]| G]|" < E[E[|X, — X|?| G]] =
E|X, — X|P.

(9) It is enough to show that for YA € Gy, E[E[X| Gs]; A] = E[X; A]. however it is clear by A € Gs.

(10) A convex function can be expressed as by the supremum of linear functions which are lower than or
equal to it. Hence, let p(z) > ax+b = ¢(x), then E[p(X)| G] > ElaX+b| G] = aE[X| G]4+b =¥ (E[X| G])
Therefore, by taking the supremum on 9 (< ¢) of the last term we get the result. [ ]

Question 3.1 Let G C F and X,Y € G and € L*. Show that if for YA € G, E[X; A] < E[Y; A], then
X <Y a.s.

[Ans.] It is enough to show the case X = 0 by considering Y — X as Y. That is, we show that if for
YA€ G, E[Y;A] >0,then Y >0 as. Set A=A, :={Y < —1/n}, then 0 < E[Y; A,] < —(1/n)P(4,)
and P(A,) =0. Hence, P(Y <0) = P(UA,) <> P(A,) =0. ]

Proposition 3.2 If X € L! is indep. of G, then E[X| G] = EX a.s. Furthermore, if X € G, then

X = EX (constant) a.s. Here note that X is indep. of G PN PH{X <a}nA) = P(X <a)P(A)

("acR,Ac€Qq)

Proof. By independence of X, G, it is easy to see that for YA € G, E[X14] = EXE[l4] = EXP(A)
holds. This is equivalent to the desired result. [ ]



BASICS OF STOCH. PROCESSES (S. HIRABA) 13

3.2  Uniform integrability

Let (Q, F, P) be a probability space. (However, we may set P be a finite measure in this subsection.)

+ A sequence of measurable fts (=functions) {X,} is uniform integrable (simply, we say UL)
L im sup B[| X5 [ Xn| > a] =0
a—>00 n>1

< (U1) sup,, E|X,| < 0o, [boundedness of means]
(U2) P(A) - 0 = sup,, E[|X,|; A] — 0 [uniform absolute continuity of integrals],
ie.,
Ve > 0,70 > 0;YA € F; P(A) < 6, E[| X,.|; 4] < e.
Proof. (=) (Ul) follows from the following. (The finiteness of P(2) is need.)

E|Xy| = E[|Xn|; | Xa| = a] + E[|[ X ]; | Xn| < a] < sup B[ X,; | Xa| = a] + aP().
n

(U2) is immediately obtained by the following:
E[|Xn|; A] = E[|Xn|; AN {[Xn| > a}] + B[ Xnl; AN {|X0a| < a}] < E[|Xa]; |Xn| = a] + aP(A).

It is enough to fix a sufficiently large a > 0 such that the last 1st term is lower than £/2, and take

d =¢/(2a).
(<) By P(|X,| > a) < E|X,|/a and (U1), letting a — oo, this probability converges to 0 uniform.
Hence, by (U2), the desired result holds. [ ]

The following proposition is immediately follows:

Proposition 3.3 (1) If?Y € L';|X,,| <Y a.s., then {X,,} is UL
(2) If ®p > 1;sup,, E[|X,|P] < oo, then {X,,} is UL

(3) If {X,}: Ul and X,, — X, a.s., then X € L.

(1) If {Xn}: ULY € LY, then {X, +Y} is UL

(5) If each { X, },{Yn} is UL then {Z,, = X,, + Y, } is so.

Proof. (1) Tt is enough to show the case without a.s. and then, by {|X,| > a} C {Y > a},
E[|X,|;|Xn| > a] < E[Y;Y > a]. Y is integrable and absolute continuity of integrals implies the result.

(2) Let K := sup,, F[|X,|P] (< o0). By Chebichev, P(|X,| > a) < K/a?, and by Holder, noting
that 1/g = 1 — 1/p, we have E[|X,|;|X,| > a] < E[|X,P]YPE[l{x,|50]? < KYPP(|X,| > a)¥/1 <
K/a?/® = K/a?~" — 0 (a — o).

(3) It is obvious by Fatou’s Lem. and boundedness of means.

(4), (5) are clear by checking (U1),(U2). [ |

The important result is the following convergence theorem.
Theorem 3.2 If X,, — X, a.s. and {X,,} is UL then X,, = X in L', i.e., E|X, — X| — 0.
This is obtained as a corollary of the following result.

Theorem 3.3 Let X,, € L', X,, = X, a.s. The following are equivalent:
(1) {X,}: UL, (2) X,, — X in L', ie., E|X,, — X| =0, (3) E|X,|— E|X| < oco.

This result is an extension of Lebesgue’s convergence theorem, because, if a sequence of functions is
estimated by an integrable function, then it is UI.

Proof.

(1) = (2) Since {X,} is UI, by the assumption; X,, — X a.s. and by the above prop., X € L.
Hence, again by the above prop. {X,, — X} is also UL Moreover, X,, — X, a.s. implies in pr. For Y& > 0,
P(X,—X|>¢)—0.

E|Xy — X[ < B[ Xy, — X[; [ X — X| > e] +eP(| X, — X[ <) < E[|[ X, — X[} | Xy, = X| 2 ] + e
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Therefore, by letting n — oo, since {X,, — X} is UI and hence it is uniform abso. continuous, the 1st
term goes to 0. Moreover, € > 0 is arbitrary, we have lim F|X,, — X| = 0.

(2) = (3) is clear (by |E|X,|-FE|X|| < E|X,,—X|. Note that X € L' by E|X| < E|X—X,,|+FE|X,| <
00.)

(3) = (1) For a continuous point a > 0 of the distribution of | X]|, i.e., P(|X| = a) = 0, we can show
E[|X,];|Xn| > a] = E[|X];|X] > a] (n — o0). If it is true, then by the abso. continuity of integral,
sup,, E[| Xy|; | Xn| > b — 0 (b — c0) can be shown. We show these in order.

For Ya > 0, set X* = X1{x|<q}. Then |X?| < a and if | X (w)| # a, then X2(w) = X*(w) (n — o)
(— show it). Therefore, For a > 0; P(|X| = a) = 0, it holds X? — X*, a.s. Since |X2| < a and by
bounded convergence theorem, we have E|X?| — E|X*|. Thus, by the assumption of (3),

E[lXu]; | Xn| = o] = E|X,| - E|X3| — E|X] - E|X?| = E[|X];[X]| > d].

Moreover, by the abso. continuity of integrals, For Ve > 0,7a > 0 (sufficiently large); The last
term of the above = E[|X|;|X| > a] < €/2. Furthermore, since this a can be taken as a contin-
uous point of the dist. of |X|, we have N;Yn > N, E[|X,|;|X,| > a] < . On the other hand,
for n < N, by the abso.continuity of integrals, b,k = 1,2,..., N; E[|Xy|;|Xx| > bi] < e. we get
Vb > max{a, by, -, by}, sup, E[|Xn|;|Xn| > b] < e, and the desired result is obtained. [ |

Question In the above, show that if X, (w) - X(w) and |X(w)| # a, then X%(w) — X%(w)
(n — 00), Moreover, give a counterexample when | X (w)| = a.

(If 0 < X(w) < a, then the first half is clear. As an example let X (w) = a and X,,(w) =a — 1/n.)

Question 3.2 Show an evample of {X,,} such that X,, — >X a.s. and EX,, — EX, however, {X,} is
not UL

On a Lebesgue prob. sp. (0,1), let X,, be n on (0,1/n), —n on (1 —1/n,1), 0 on otherwise. Then
X, — 0, EX,, =0, however, if n > a > 0, then E[|X,|;|X,| > a] = E|X,,| = 2, and hence, it is not UL

3.3 Definition and properties of martingales, Doob’s decomposition

(M, Fn)n>1 is a martingale if ,, 1C F sub o-add.classes, M,, € F, is integrable and satisfies
E[My 1| Fpl = M, as. "n>1,ie., "'n > 1,"A € F,, E[M,41; A] = E[M,; A].

Instead of this condition, if E[M, 1| F.] > M, a.s. "n > 1, then it is called a sub-martingale. If
if the inequality is reverse, then it is called a super-martingale.

Clearly, if (M,,) is a martingale, then the means are constant, i.e., 'n > 1, EM,, = EM,. If it is a
sub-martingale, then the means are increasing i.e., EM, 7.

In case of n > 0, it is the same we may change M; to M.

- For a sequence of independent RVs {X,,}p>1, let M, = >, Xi and F, = o(Xq,...,X,). If
EX, =0 (n>1), then (M,, F,) is a martingale. (If EX,, > 0 (n > 1), then it is a sub-martingale.)
- For an integrable RV X and a filtration {F,}, let M,, := E[X| F,], then this is a martingale.

Question 3.3 Check the above two results.
In the following, a filtration (F,,) is already given and we don’t denote it.

Proposition 3.4 (1) If {M,} is a martingale, o is convez on R and p(M,) € L* (Yn > 1), then
{p(M,)} is a sub-martingale. Especially, |M,|, M2 are martingale (for M2 if it in L').
(2) If {X,} is a sub-martingale, @ is conver and increasing on R and ¢(X,) € L' (Yn > 1), then
{o(Xn)} is also a sub-martingale.

(8) For each k > 1, let {Xr(bk)} be a sub-martingale. Fix K < oco. Then M,(ZK) = MaXp< i X,gk) s a
sub-martingale.
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Proof. (1) By Jensen’s inequality for conditional expectations,
E[SO(MTL+1)| ‘Fn] > SO(E[MTL+1| ‘Fn]) = QD(MTL) a.s.

) In the above, the last equation is changed to inequality “>”, because ¢ is increasing.
) It is enough to show the case of two (X,), (Y,,). Let Z, := X, VY,. We have E|Z,| <
|

(2
(3
E|X,|+ E|Y,| < oo and

Xn S E[Xn+1| fn} S E[Zn+1| fn]a Yn S E[Yn+1‘ fn] S E[Zn+1| fn}a
Hence, we have the desired result. [ |

Theorem 3.4 (Doob’s decomposition theorem) If (X,) is a sub-martingale, then
(M), (A); X, = M, + A,. (M,) is a martingale, (A,) is a predictable increasing process
starting from 0, i.e., 0 = Ay < A, 1 a.s., A, is F—1-measurable (that is, predictable.)

Proof. We decompose X, as follows, and we may set {-} part be M, the rest part be A,.

n—1 n—1 n—1
Xo= X1+ Y (Xir1 — Xi) = {X1 + ) (X1 — Bl Xp] fk])} + > (BlXk| Fi] = Xi)
k=1 k=1 k=1

For the uniqueness, if X,, = M,, + A, = ]\/Z" + /~17,,, then M, — ]\A/[/n = Zn — A,,. This is a martingale and
predictable, i.e., F,,_i-measurable. Therefore, for every n > 1,

Avn+1 — An+1 = E[Mn+1 — Mn+1| ]:n] = Mn — Mn = Avn — An a.s.

Hence, Avn - A, = EO — Ag =0. a.s. [ |

3.4 Stopping times and optional sampling theorem

Let (Fy)n>0 be a filtration, i.e., F,, is an increasing sub o-add. class.

Note that if {X,,}>0 is a stochastic process, then by (F,)-adaptability, it holds o(Xo, X1,...,X,) C
Fn ("0 >0).

AnZ, ={0,1,2,...,00}-valued RV 7 = 7(w) is a stopping time; ST if

PN Yn>0,{r<n}€F, <= "n>0{r=n}cF,.

Question 3.4 Show that the following are also ST'’s.

(1) T =n (a constant time)

(2) If o,7 are STs, then o AT, 0 V T are so.

(3) For a real-valued process {X,}n>0 and B € B!, a hitting time to B:

7 :=inf{n > 0;X,, € B} (=0 if{}=0).
Note that if we omit the starting point Xg, then changing n > 0 to n > 1 in the above definition.

Note. In (3), an exit time op = sup{n > 0;X,, € B} (=0if {-} = 0) is not a ST in general (—
Explain why.)

In the following we assume that
[Assumption] (Q,F, P) is complete and Fy contains all null sets.
For a ST 7, set

Fr={AcF;'n>0,An{r <n} € F.}.

(It is possible to change the above “AN{r <n} € F,” to “An{r=n} e F,.

Question 3.5 (1) Show the above F; is a o-add. class and T is Fr-measurable.
(2) For ST’s 0,7, if 0 < 7 a.s., then F, C Fr.
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In (2) by “o < 7 a.s.”, we need the assumption that Fy contains all null sets. Because AN{r < n} =
(An{o <n})N{r <n} holds except the difference of a null set {o > 7},

A martingale means an equitable game. If it is stopped at a stopping time, then what is happened?
Does the equitableness not change?
The following result ensure it, however, the boundedness of ST’s are needed.

Theorem 3.5 (Optional Sampling Th.) Let {X,} be a sub-martingale. If ST’s o,7 are bounded
a.s. and 0 < 7 a.s., then E[X.| Fy] > X, a.s.

The boundedness of ST’s can not be omitted. In fact, let {X,,} be a one-dimensional simple RW
starting from 0, which is a martingale. For a < —1, set 0 = 0 and 7 = inf{n > 0; X,, > a}, then they are
ST’s such that ¢ < 7. However 7 is not bounded and EX, = EXy =0, EX, =a < 0.

Question 3.6 Show X, in the theorem is F.-measurable and integrable.

We may set 0 < 7 < ?N as. By X, = > n<n Xnlgr—n}, the integrability is clear. Moreover, by
{X,, <a}n{r =n} € F,, measurability is clear.

[Proof of Optional Sampling Theorem]. We may set 0 < 7 < °N a.s. It is enough to show
that for YA € F,, E[X;; A] > E[X,;A]. Let 0 < n < N and set A, := AN {0 = n}, then 4, € F,.

Noting that for each n < k < N, A, N{r > k+1} = A, Nn{r <k} = A4, \ (A, n{r < k}) € Fi, by
sub-martingale property, we have

EXy Ann{r 2k} = E[Xi;s A0 {1 =k} + E[Xp; Ay 0 {7 > k + 1}]
< EX,A.Nn{T=k}+ E[Xk+1; A, N{T > k+1}].

Continuing the same calculation for the 2nd term, we have
N
<Y E[Xy; A, n{r =j}] = E[X; A0 {7 > k}].
j=k

Let k = n, then by 0 < 7 a.s., we have 4, = AN{n =0 <7} = A, N {7 > n} except a difference of
a null set. Hence, E[X,; A,] = F[X,; An] < E[X;; Ay]. Thus, by summing on 0 <n < N, E[X,;A] <
E[X; A]. [ ]

Corollary 3.1 (Optional stopping th.) Let (X,,,F,) be a sub-martingale and 7 be a ST. Then
(X7, FT) == (Xnar, Fuar) is also a sub-martingale.

n AT is also a ST, and if m < n, then m A7 <n A7 <nis bounded. Hence, by OST it is clear. H

3.5 Sub-martingale inequalities and convergence theorems

Kolmogorov’s maximal inequality for a sum of independent RVs which is used in the proof of string LLN,
can be extended to the following for a martingale:

Theorem 3.6 (sub-martingale inequality) (1) Let (X,,) be a sub-martingale. Then

Va > 0,aP(max X}, > a) < E[X,;;max X}, > a] < EX'.
k<n k<n

(2) Especially, if (X,) is a sub-martingale and X, > 0 a.s., then aP(maxp<, X > a) < EX,
(Ya > 0). Moreover, if for some p > 1, X,, € LP (“n), then

1/p »
{EmaXX,f} < — |1 X0 llp-
k<n p— 1



BASICS OF STOCH. PROCESSES (S. HIRABA) 17

If {M,} is a martingale, then {|M,|} is a sub-martingale. On the application, the following is useful:

Corollary 3.2 If (M,) is a martingale, then aP(maxg<, |My| > a) < E|M,| (Ya > 0).
Moreover, if M,, € LP (°p > 1;"n), then

1/p D
Eyaxiinr] < Lo,
Furthermore, the following also holds:
Corollary 3.3 Let n > 0. If (X,,) is a sub-martingale, then
Va > 0,aP(min Xy, < —a) < EX, — E[Xy;min Xj < —a] - EXo < EXI — EXo.

Note that if n > 1, then Xo may be changed to X;.

[Proof of sub-martingale inequality] (1) Let (X,,) be a sub-martingale and Ya > 0. We divide
an event A = {maxy<, X > a} by using first times such that Xj > q, i.e., let

Ag={Xo>a}, Ax={Xp>a,"j<k-1X;<a},

then A =J,.,, Ak is a disjoint union and Ay € Fj. Hence, we have

E[Xu; Al =Y B[Xp; Al > Y E[Xi; Ay] > ay | P(A) = aP(A).

k<n k<n k<n

(2) On the later half, we use

e’} Y
p/ ap_ll{a<y}da=p/ a’"tda =YP.
0 B 0
Note that X;, > 0 a.s. Let ¥ = maxy<, X;. Then by the above and martingale ineq., we have

oo oo 1
EY? = p/ a?"*P(Y > a)da < p/ a? ' ZE[X,;Y > a)da
0 0 a

Y
Xn/ a*%da| = L_E[X,y"].
0 p—1

Moreover, by using Holder for the last term, noting that 1/¢=1-1/p= (p —1)/p,

(The last term) < LlHXan(EYp)l/q'
p—

The desired inequality is obtained. ]

[Proof of Corollary 3.3] Let 7 be a hitting time to (—o0, al, i.e.,
7 =min{k <n; X < —a} (= if {:} =0),

Moreover, let ¢ = 7 An. Then these are ST’s and ¢ < n is bounded. B = {ming<,, Xy < —a} = {7 <
n} = Up<,, Bk, where By, = {7 = k} is an event of that X, is equal to or lower than —a at first at time
k. Furthermore, if k¥ < n, then By = {0 = k} and B,, C {oc = n} (which contains {7 = oo}). Thus,
X, = X < —a on By. Hence, by OST, X < E[X,| Fo|, Xy < E[X,| Fs] a.s. Thus,

EXo < EX, = B[X,: B + E[Xy: B = Y E[X: Bil + E[X: B < —aP(B) + B[X,; B).

k<n
Therefore, noting that BN {oc =k} = 0 € Fy, that is, B® € F,, we have
aP(B) < E[X,; B — EXo < E[X,; B — EXo < E[X] — EX,.



BASICS OF STOCH. PROCESSES (S. HIRABA) 18

- Convergence Theorem of Martingales

Theorem 3.7 (sub-martingale convergence theorem) If a sub-martingale (X,,F,) satisfies
sup,, E[X;f] < oo, then X,, converges a.s., i.e., P(Flim X,,) = 1

The condition for a sub-martingale: sup,, E[X ;] < oo si equivalent to sup,, E|X,| < co. (It is obvious
from E[X,] — E[X,] > EXy, ie., E[X, ] < E[X,] - FEX;.)

In order to show this result, we need the following result of “cross number of a sub-martingale”

Theorem 3.8 (Cross Number Theorem) Let Hy be a cross number of a sample path of a sub-
martingale (X, Fy) for an interval (a,b) from left to right until n < N. Then it holds (b — a)EHy <
E[(Xy — a)*].

[Proof of sub-martingale convergence theorem]

{liminf X,, < limsup X,,} C U {liminf X,, < a < b < limsup X, }.
a,beQ;a<bd

Let the right hand be A, and it is enough to show P(A,;) = 0. On this event, (X,,) crosses infinitely
many times for the interval (a,b) (from left to right). Let H be a cross number of (X,,),>1 from a to b.
Then it is enough to show P(H = c0) = 0. Let Hy be a cross number of (X,,),<n from a to b. Then by
Cross Number Theorem, we have

El(Xx—a)] _EXG ol _

e () B ()

and by monotonicity and by convergence theorem, 0 < FHy T EH. Thus, FH < oo. This means
H < ooas., e, P(H=00)=0. [ |

In general, let Hy(w) = Hy(w; a,b) be a cross number of a sample path {X,,(w)}1<n<n of a stochastic
process { X1, ..., Xy} for an interval (a, b) from left to right. This can be expressed by using hitting times;
For n > N, let X,, = Xy and let 7, = min{n > 1;X,, € (—o0,a]}, 72 = min{n > m; X,, € [b,00)}, and

similarly we define 73, 74,... (if {-} =0, then they are co). These are ST’s (—> the next question). If we
set m = max{n < N;7, < oo}), then it can be defined as Hy = Hy/(a,b) := [m/2] > 0 ([-] is a Gaussian
notion, i.e., an integer part). Corresponding to 2k — 1 < m, 2k < m, it hOldb ron1 L, Xr,, >0
For simplicity, denote H = Hy. H = [m/2], i.e., m = 2H or 2H + 1.
(i) In case of m = 2H + 1, then Xy < b (if not, then Top 4o is finite) and
H
Z Tok+1 Tzk)g(a_b)H:_(b_a)H'
k=1
(ii) In case of m = 2H, then X > a, and
H-1 H-1
T2k+1 - TZk)+(XN_XT2H) = (XT21«+1 _XTZk)+(a_XT2H)+(XN_a)
kzl k=1

< a—b)H—l—(XN—a).

Hence, let Y, = X, if k <m, = Xy if £ > m. By H < N, the above inequality is

N H
Z(Y2k+1 —Yy) = Z Yopt1 — Yor) < —(b—a)H + (Xy —a)t.
k=1 k=1

Question 3.7 Show the above Ty is a ST.
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{n=n}={X, <—-a,Xs,... Xp1 >a}, {re =n} ={Xs, > b,71 <n, X7 41,... Xp—1 < b} are both
in F,.

[Proof of Cross Number Theorem] For each k, 7, A N is a bounded (F,)-ST. Let Gy = F,,
and Yy = X, an. Then by OST, (Y, Gi) is also a sub-martingale. Hence, 0 < Eszl E[Yor41 — Yar] <
—(b—a)EHN + E[(Xy —a)T]. [

Theorem 3.9 For a sub-martingale (X,,, Fy), the following are equivalent:

(1) {X,} is UL

(2) {X,} converges in L', i.e., X,, — 3X in L!.

(3) {X,} converges a.s. and set X =lim X,,, then X € L', EX,, — EX, E[X| F,] > X,, a.s.

Proof. Recall that under the conditions X,, € L', X,, — X a.s., the following are equivalent: {X,,}:
UL E|X, — X| =0, E|X,| - E|X| < cc.

(1) = (2): UI implies (Ul) sup E|X,| < co. Hence by sub-martingale convergence theorem we have
X, — 3X as. and in L' by UL

(2) = (3): |F|X,| — E|X|| £ E|X, — X| = 0 and sup F|X,| < 0o, because a convergence sequence
is bounded. By sub-martingale convergence theorem, we have X, — 33} a.s. On the other hand L'
convergence implies X,,, — X a.s. for a suitable sub-sequence. Thus, X = X a.s. It remains to show
that E[X| F,] > X, a.s. By sub-martingale property, for Yn,"A € F,, E[X,11; A] > E[X,; A] Yk > 1).
Hence, letting k — oo, we have F[X; A] > E[X,,; A]. The result is obtained.

(3) = (1): By a.s. convergence it is enough to show E|X,| — E|X|, because we have (X,): UL By
the assumption, for Yn,YA € F,, E[X;A] > E[X,;A]. Let A = {X,, > 0}, then EX;f < EX™, ie,
sup EX,;) < EX*t < co. On the other hand, by X;5 — X a.s. and by Fatou, we have liminf EX;F >
EX™T. Hence, lim EX,” = EX™T. Similarly, we have lim EX,, = EX . Therefore, lim F|X,,| = E|X|. &
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4  Continuous-time Markov Chains

Let t > 0 be a continuous-time parameter. Let S be a countable set. An S-valued RVs (a stochastic
process) (X;)¢>o is a continuous-time Markov chain if it has the following Markov property:;
For s,t >0, 4,7, ky, € 5,0 <wup < s (€ < 4lp),

P(Xt+s = .7‘ Xs = iaXug = kug (é < 60)) = P(Xt+s = ]‘ Xs = Z)
Moreover, we also assume the time-homogeneity;
P(Xt+5 :j| XS :Z) = P(Xt :j| X(] :Z)

We define this as a transition probability; ¢;(i,7) = P(X; = j| Xo = 1).

4.1 Exponential times

In order to construct a continuous-time Markov chain from a discrete-time Markov chain, we can consider
changing jump intervals to random.
Hence, we introduce an exponential time (= a random time which has an exponential distribution).

Definition 4.1  For a constant o > 0, a random variable T = 7(w) is distributed by an exponen-
tial distribution with parameter «, i.e,

P(r>t)= / ae”*ds =e
¢

—Qs

In other word, T has a distribution with a density function f(s) = ae™**. In this text, we call T as an

a-exponential time or simply, an exponential time.

Its mean and variance are the following:

~ V() = B - (Bl = o

«

o0
E[7] :/ ase” “ds =
0
Question 4.1 Make sure the above calculation of variance.
Proposition 4.1 If T is an exponential time, then it has the following memoryless property. For

t,s >0,
P(r>t+s| 7>s)=P(r>1t).

Proof. (t4e)
Pr>t+s) e Ut
P(r>t+s|7>s)= = =e ' =P(r>t).
(7 I ) P(r > s) e~s (r>1)
|
Proposition 4.2 If 7, 7,... T, are independent oy, o, . .., an,-exponential times, respectively, then

min{7y,7o,... T} s (@1 + @z + - - - + ) -exponential time. Moreover,

g
o+ gt o,

P(min{r,7o,...Th} =) =

Proof. For simplicity, we only show the case of n =2,k = 1.

P(ry AT} >t) = P(r1 > t, 70 > t) = P(11 > t)P(1y > t) = e~ (ata2)t,
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Moreover, since the joint distribution of 7y, 79 is the product of each ones by their independence, we have
P(min{ThTQ} = Tl) = P(T1 < TQ)

= / dsaie” 1V P(s < 19)
0

oo
/ dsae” e *28
0

aq
a1+ Qo

The other cases are the same. |

Example 4.1 There is a system of two devices A and B. The time to failure of A is an 1-exp. time
and the time to failure of B is an 2-exp. time. These are failure independent and the system is failure if
at least one is failure. Find the mean time to failure of the system.

By the previous proposition, the time to failure of the system is a 3-exp. time, and hence, the mean
is 1/3.
4.2 Poisson processes

We describe a Poisson process as a simple example of a continuous-time Markov chain.

Definition 4.2 For A > 0, a stochastic process (X;)¢>o is a Poisson process with a parameter
A (it is simply called a A-Poisson process) if the following holds:

(1) Xo =0,
(2) For 0 < s <t, Xy — X has a Poisson distribution with a parameter A\(t — s), i.e.,

A Nt =)k

P(X,—X,=k)=¢ o

(k=0,1,2,...).

(3) X has independent increments. That is, for 0 <t; <to < -+ <tn, Xt;, Xty — Xty .o, Xt
are independent.

- th 1

n —

Theorem 4.1 A Poisson process is a continuous time Markov chain.
It is easy to see by the above independent increments.

Question 4.2 Let S be a countable set. Show in general, if an S-valued continuous-time stochastic
process starting from 0 has independent increments, then it is a continuous-time Markov chain.

Ans. Let X; be the process satisfies the assumption. For 0 < t; <ty < - - < t, < t,4+1, By using
the independence of X;,, Xy, — Xy,,..., Xy, — X4, and by a similar way to the discrete-time case, we
can show the independence of X, — Xy, (X¢,,..., Xy, ), and of Xy, — Xy, , Xy, . From these we have
Markov property;

T

P(Xy,,, = jnt1l Xop =36, 0< k <n) = Xtpir — Xt = Jnt1 — Jn| X, =k, 0 <k <n)
Xitpir — Xty = Jnt1 = Jn)
X ntl th = jn+1 _]n| th = Jn)

X ntl :jn+1‘ th :Jn)

n+1

|
o)

|
o)

(
(
(X:
(X

= P
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Theorem 4.2 (Construction of a Poisson process) Let 01,09,... be independent
A-exponential times. Let T, = 22:1 o and 19 = 0. Define

Xi=n < 7, <t<Tpy1, thatis, X;:= an[Tnerl)(t) = max{n; 7, < t}.
n=0

Then, (Xt) is a A-Poisson process.

Note The inverse of the above result holds, that is, if (X;)¢>0 is a A-Poisson process and let 71, 72, . ..
be jump times of it, then 79,79 — 71,73 — T2, ... are i.i.d. and each of them is a A-exponential time.

In order to show the above result, we use the following.

Proposition 4.3 The sum of independent n-number of A-exponential times oy; T = Y ._, 0% is
distributed by the gamma distribution T'(n, A), i.e

t
_ 1 nn—1_—Xs
P(T<t)—/0m)\3 e ds.
Proof. By the independence of (cy,),
Ploy+- 4o, <t)= / Ate At s sy o ds,,.
S1+-sp, <t

By the change of variables such that ui = s1 + - (k=1,...,n) and s = uy,,

t u2
/ Ne Asitsn)ge i ds, = /dun/ dty,—1 - / dug \"re = Aun
s1+sp <t 0 0 0
u3
= /dun/ duy—1 - / dugus \e M
0
/dun nfl)\nef)\un
0

1
_ d g n—1_—A\s
/o HOES

[}
(=)

[Proof of Theorem 4.2]. Since 7, is independent of 0,41 and distributed by I'(n, A), we have
P(X;=n) = P(1, <t<Tpy1="7Tn+ 0nt1)

t
1 n n—1_-—XAs
= /O ds WA S 16 A P(t < S+Un+1)

t
_ / ds 1 )\nsnflef)\sef(tfs))\

n t nyn
_ e—)\t A Sn—lds _ e—/\t)‘ t )
(n—=1"J, n!

By a similar way,

P(rpp1>t+5,Xi=n) = P(rpp1 >t+5,7 <t <Thpp)
P(rp+opt1 >t+s8,7, <t)
t
1
= /O du mAnun_le_A“P(u+an+1 > t+ S)
t

= du #Anunilei)‘uef)\(t“rsfu) _ e*A(”S))\nitn_
0 (n—1)! y
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Hence,
(4.1) P(Tyi1 >t+s| Xe=n)=e =Plo; =7 > s).
Moreover,
(4.2)
under the condition Xy =n, 7,41 —t,0n42,- . ., Ontm has the same distribution as o1, 09,...,0,.
In fact,
P(Tn+1 — 1> 81,0p42 > 82,...,0n4m > Sm| X = n)
= P(Tn <t < Tpgl, Tngl — > 81,0n42 > S2,...,Opgm > Sm)/P(Xt = Tl)
P(ry <t,Tpe1 —t > 81)P(0nt2 > 82,y Opnam > Sm)/P(Xy = n)
P(rpi1 —t > s1| Xy =n)P(oa > S2,. .., 0m > Sm)
(0'1 >S) (0'2 > 89,...,0m, >Sm)
P(oy > 8,00 > 89,...,0m > Sm)-

By this and noting that 7,4 —t = (Tha1 — t) + Ona2 + -+ + Tnam, we have in general, for m > 1, we
can get
P(Tpim >t +s| Xy =n) = P(1y, > 3).

By subtracting the above from the above with m + 1 instead of m, we have

P(Tn+m <t+s< Tn+m+1| X = n) = P(Tm <s< Tm+1) = P(Xs = m)

By using this, for n > 0,m > 1,

PXi=n,X¢i4s —Xe=m) = P(Xi=n,Xtps=n+m)
= P(X;=n)P(Xi1s =n+m| Xy =n)
= P(X;=n)P(Thtm <t+ 5 < Tpnimt1| Xy =n)
= P(X;=n)P(X, =m).

By summing on n > 0,
AT ™

P(Xiys = Xy =m) = P(X; =m) = e —
m]!
In case of m = 0, it can be seen P(X;,, — X; = m) = e~**, and this is included in the above. In fact, by
Plrp,>t+s| Xe=n)=P(r, >t+s| 7 <t <7py1) =0,

if we subtract this from (4.1), then

P(Xips=n| X;=n)=P(ry, <t+5<Tpp1| Xe =n) =e .

Thus,
P(Xt = TL,XtJ,_S — Xt = O) = P(Xt = n,Xt_,_s = TL)
= P(Xt = ’I’L)P(Xt_;,_s = n| Xt = n)
= P(X;= n)e_)‘s.

Hence, by summing on n > 0, we have P(X;,, — X; = 0) = e,
Finally on the independence of increments, by using (4.2), we have for 0 < t; < -+ < tg,
P(th = no,th — Xto = Ni,... ,th — th_l = nk)
= P(X¢, =m0, Xt, =no+n1,...,Xe, =no+ -+ ng)
= P(th = TLo)P(th_to =MNi,... 7th—t0 =ny+---+ nk).
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Therefore, by repeating this, we have the following independent increments:

P(Xto = no,th — Xto =MN1y... ,th — th71 = nk)
= P(Xy, = no)P(Xy, 4y =1n1) - P(Xpy e, = 1)
= P(Xto = no)P(th — Xto = nl) e P(th — th71 = ’I’Lk).

Example 4.2 The number of times of calling to a fire station is a 20-times per hour Poisson
process, i.e., a 20-Poisson process. In that only 20 percent is urgent. Then, is the number of times of
those requiring urgent a Poisson process? If it is so, then what is the parameter?

The answer is a 4-times per hour Poisson process and it is easily obtained from the following propo-
sition:

Proposition 4.4 Let X; be a A-Poisson process. The jumps of X: has two kinds of type I and
type II. They are independent and each appears with probability p or 1 — p, respectively. Let the process
of jumps of type I only be Yy, and type II only be Z;. Then, they are independent and each is A\p or
A(1 — p)-Poisson process, respectively.

Proof. By X; = Y; + Z;, under X; = n + k, Y; = k means k-times of jumps are chosen from
n + k-times with probability p.

Hence,
P(Yi=k,Z=n) = P(Yi=kZ =n|X;=n+k)P(X;=n+Fk)
n+k\ nat (AB)"FE
ot ()‘pt)ke—)\(l—p)t (AL =p)O)"
k! n! '

Question 4.3 Check the last equation.

By summing in n > 0 on both sides, we have

Apt)*
P(Y; = k) = et P Z!) .

Similarly, by summing in k£ > 0,

A—py AL =p)t)"
P(Zy =n) =e N )ni!p.

Moreover, by the above three equations, we have
P(Y, =k, Zy =n) = P(Y; =k)P(Z; =n).

Therefore, Y;, Z; are independent and each has Ap or A(1 — p)-Poisson distribution. For Y; — Yj, by a
similar way to the above, we have

P(Yiys=Yo=k) = Y PMiys—Ye=k| Xpys— Xe =n+k)P(Xpys — Xg =n+k)
n>0
n—l—k) k nar (AR
= p*(l—p)te N ——r
S (o e

e—)\pt ()‘pt)k
k!
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Thus, P(Yiyrs — Ys = k) = P(Y; = k). Furthermore, by the same way we can show

(43) P(YS :kthtJrs_}/s = ko, Zs :nthJrs_Zs an)
= P(Ys = k) P(Yogs — Yo = ko) P(Zo = 11)P(Zyyo — Zo = ).

(Make condition by {Xs = k1 +n1, X¢ys — Xs = k2 + na} and use the independence of them.) Hence we
have the independent increments of (Y;), (Z;), respectively, and (Y;) is a Ap-Poisson process and (Z;) is
a A(1 — p)-Poisson process. Moreover, it is easy to see that

(4.4) P(Ys=k,Yiys = k1 + ko, Zs =11, Zygs = ny +n2)
=P(Y, =k1,Yiqs = k1 + ko) P(Zs =1, Zyps = N1 + n2)

and hence, {Y;,Y1:} and & {Z,, Zs,;} are independent and more general, we have for 0 < t; < tg <
s <ty {Yey,. o, Y, and {Zy,, ..., Z;, } are independent. This means independence of (Y;),(Z;) as
processes. |

Question 4.4 Show (4.3) in the above proof, and show (4.4) from this.

4.3 Continuous-time random walks

Let S be a countable linear space. Let (p;j)jes be a distribution. A stochastic process (X¢)¢>o which
jumps from ¢ € S to i + j with probability p; in each independent 1l-exponential times is called a
continuous-time random walk.

This is constructed as X, := Yg, by using a discrete-time RW (Y},),,>0 with one-step distribution (p;)
and a 1-Poisson process (S;) and it is independent of (Y5,).

Since (Y;,) and (S;) have independent increments, (X;)also has independent increments. Hence, by
Question 4.2 it is a continuous-time Markov chain.

4.4 Continuous-time Galton-Watson processes

Let A > 0. There are several particles and each divides independently into & > 0 particles (if k& = 0,
then it exterminates) with probability pj after A-exponential time. Each divided particles divides or
exterminates independently under the same law. Then, at the time ¢, we denote the total number of
particles as Z; and it is called a continuous-time Galton-Watson process.

This is constructed as follows: Let {X,} be a discrete-time GW-process with offspring probability
(pk), and {S;} be an independent A-Poisson process, and set Z; := Xg,.

The mean of offspring number is

m = Z kpy..

k>1
Theorem 4.3 Let 0 <py+p1 <1.
P"t>0,Z;,>1)>0 < m > 1.
Moreover, fort >0, E[Z;| Zy = 1] = e*m=1E,

Proof. By the result of the discrete-time case and by the above construction, the first half is easily
obtained. We consider the expectation. Let F1[+] := E[x| Zo = 1]. By Z; = Xg, & E1[X,] =m",

E\Z)] = Y EilZ] Si=n]Pi(S; =n) =Y Ei[Xn| S =n]P(S; = n)

n=0 n=0

S . AL
S EX)P(S =n) = mne**tq _ Am—e
n=0 n=0 n:
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4.5 Continuous-time Markov chains & transition probabilities

Let S be a countable set. An S-valued continuous Markov chain (X;);>o can be defined by the same
way as a continuous-time RW. That is, X; := Yg,, where (Y},)n>0 is a discrete time Markov chain with
transition probability p(i,7) and (S;);>0 is a 1-Poisson process and independent of (Y3,).

s,t >0, iajvk'uz €s (0 Sup < 8) (e < Z0) 0:5({"L7

P(Xiys = j| Xs =14, Xu, = ku, ({ <o) = P(Xy = j| Xo=1) = q:(4,7).
Moreover, ¢:(i,j) can be obtained by using an n-th transition probability p, (i, ) as follows;
= > e i)
n>0

[Proof of that X; := Y, is a Markov chain] For simplicity, let the RHS of the above be (i, 7)
and we show the Markov property in case of fg = 1 only. Let u < s,¢ < n. We first show

Xo=i Xo=k Xo=i\ .
(4.5) P<Xt+é_.] S.=n’ S, _£> P(Xt-i-s—]‘ SS:n)—Qt(Z,J)-

The independence of (Y;,), (St), the Markov property of (Y;,) and independent increments of (S;) imply

Xs=1 Xu=k
P(XtJrs—] S—’I’L7525>

X, =k,
= Y (K= S mnm| T T
m>0
w=1, Y=k,
== P Yn m — J s - )
m>0 ( ! S 5 = m‘S—n Suzf)

P(Ypsm = §, Y, =i,Yy = k)P(Si1s — Ss = m)P(Ss = n, Sy = £)
P(Y, =i,Yy = k)P(Ss =n, S, = 0)

= Y P(Yoym =4 Yo =1,Yo=k)P(Se1s — Ss = m)

Il
1

= > P(Y =j| Yo =0)P(S; =m) = G(i. ).

On the other hand, by a similar way we have

P(Xpps=j| Xe=i,8c=n) = Y P(Xi1s=13,5s—Se=m| X, =1i,5 =n)

m>0

Z P(Yn+m = j, Yn = i)P(St+s — Ss = m)P(SS = n)
P(Y,, = i)P(S; = n)

m>0

— ZP(Yn+m:j‘ Yn:i)P(St:m):qTf(iaj)'

m>0

Hence we have (4.5). The last term ¢ (¢,7) is independent of ¢ < n, k € S, u < s, and events of the
condition are mutually disjoint in £ < n. Thus, by summing on ¢ < n, we have the same result. Therefore
we have the time-homogeneous Markov property;

P(XtJrs :.]| Xs = 7/7Xu = k) = P(XtJrs :.7| Xs = Z) = @(7’73)
Moreover, we have the transition probability

(1, 5) = P(X¢ = j| Xo = i) = :(4, 7).
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Proposition 4.5 (Chapman-Kolmogorov equation) ¢;1,(4,7) = Z qe(i,k)qs(k, j)-

keS
Proof.
[RHS] = Y P(X;=k| Xo=i)P(Xe1s=j| X; = k)

keS

= Y P(X;=k| Xo=i)P(Xys = j| X¢ =k, Xo = 1)
kesS

_ ZP(Xt+5:j,Xt:k,X():7;)
kes P(Xo =1)
P(Xits = j, Xo = 1)

- P(Xo =1) = P(X¢ys = j| Xo =) = [LHS]

Proposition 4.6 LetY,, be a discrete-time birth and death chain on Z with a birth rate A;, a death
rate p; (i € Zy. The transition probability qn(i,j) of a continuous-time birth and death chain X = Yy,
satisfies the following: (Note that pg = 0,); > 0, and if i > 1, then pu; > 0.)

qn(i,i+1) = X\h + o(h)

@i — 1) = b+ o(h) (i > 1)
qn(i,i) = 1 — (A\i + pg)h + o(h)
qo(i, J) = dij.-

In particular, }llin%) qn(i,7) = 1. Note that q5(0,—1) =0, ¢(0,0) = 1.
—

Proof. Let p,(i,J) be an n-th transition probability of ¥;,. The transition probability ¢ (¢, j) satisfies
the following as h — 0;

. I
an(ij) = > e "—=pa(i,j)
a0 n!
= €7h (513 + hp(i,j) + O(hQ))
8ij + hp(i, j) + O(R?).

Moreover, by noting that
pl,i+1) =X, pli,i—1) = pi, piyi) =1 — (X + )
the result is easily obtained. [ ]

In general, let (X;) be an S-valued time-homogeneous Markov chain. For a suitable function f: S —
R, let

G1(i) = im + (BF(X0)] ~ £(0)) = im & B'f(X,) ~ f(Xo)],
where B[] = E[| Xo = i]. Then G is called a generator of (X;).
Theorem 4.4 In the above birth and death chain, for a bounded function f :7Z; — R,
Gf() =Xif(i+ 1) + i f(i = 1) = (A + pa) £ (D).
Moreover,

B0~ f050)] = [ PIGHX s
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Proof. For sufficiently small h > 0,

E'[f(Xn)] = f+1)gn(ii+1)+ f(i — 1)qn(iyi— 1) + f(i)qn(i, i) + o(h)
J@) + RN fG+1) + pif (i —1) — (N + pi) f(3)] + o(h)

Hence G f (i) is obtained. Moreover, by Markov property,

EIf(X,) — f(X0)] = / lim LB (Xoin) — F(X0)]ds

h—0

/0 lim LB (B [f(Xn) — £(X0)]] ds

h—0

/ | [}ng%) hEX [f(Xn) = f(Xo)]| ds

/E’Gf

Note that it is possible to exchange lim;_,o and E? in the above, because by the boundedness of f and
0 < A, i < 1 we can apply Lebesgue’s convergence theorem. [ ]

The above result means f(¢) changes to f(i+ 1) at rate A;, to f(i — 1) at rate p; and does not change
at rate 1 — \; — p;. Therefore, if the generator G is known, then the Markov process (X;) is known. That
is, G and (X}) is one-to-one onto.

On a more general state space S the generator is a very important tool in the theory of Markov
processes.
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